The aim of this paper is to study the dynamic characteristics of micromechanical rectangular plates used as sensing elements in a viscous compressible fluid. A novel modelling procedure for the platefluid interaction problem is developed on the basis of linearized Navier-Stokes equations and noslip conditions. Analytical expression for the fluidloading impedance is obtained using a double Fourier transform approach. This modelling work provides us an analytical means to study the effects of inertial loading, acoustic radiation and viscous dissipation of the fluid acting on the vibration of microplates. The numerical simulation is conducted on microplates with different boundary conditions and fluids with different viscosities. The simulation results reveal that the acoustic radiation dominates the damping mechanism of the submerged microplates. It is also proved that microplates offer better sensitivities (Q-factors) than the conventional beam type microcantilevers being mass sensing platforms in a viscous fluid environment. The frequency response features of microplates under highly viscous fluid loading are studied using the present model. The dynamics of the microplates with all edges clamped are less influenced by the highly viscous dissipation of the fluid than the microplates with other types of boundary conditions.
Introduction
The dynamics of resonating structures immersed in a viscous and compressible fluid is a fundamental research problem and underpins wide engineering applications from aerodynamics to biosensing. Micromachined plates (membranes and diaphragms) have gradually become a promising sensing element of chem/biosensors [1] [2] [3] [4] in recent years. In general, microplate-based biosensors detect the biological particles/cells through a measure of the changes in resonant frequencies of sensing structures. These biosensors, in practice, usually need to interact with biological particles in a natural fluid environment. The dynamics of a submerged microscale plate is strongly influenced by the fluid loading, which includes the inertial effect, acoustic radiation and viscous dissipation. Thus, a deep understanding of the dynamics of fluid-loaded plates is necessary for the design of the microplates-based sensing system. This paper proposes an analytical model to study the frequency response features of fluid-loaded microplates.
When a fluid is assumed to be inviscous and incompressible, the vibration of submerged plates is only affected by the inertial force of the fluid. In this situation, the natural frequencies can be determined by a Rayleigh-Ritz or Galerkin procedure [5] . At the micrometre or nanoscale, it is no longer valid to assume the fluid to be dissipationless for the dynamic analysis of fluidloaded structures [6] , especially for high vibrational modes. The energy losses become significant when the size of submerged structures reduces to micrometre levels and the vibrational frequency increases to MHz or GHz. The dissipation of the vibrational energy of a microplate in a viscous compressible fluid is caused by acoustic radiation, internal structure damping and viscous losses [7] . The energy loss in the structure is usually small [8] , and the energy dissipation caused by the fluid dominates the damping of the vibration system. The damping substantially affects the sensitivity of the plate as a sensing element. This work presents a detailed theoretical analysis for the damping ratios of submerged microplates in a fluid, in particular, the damping mechanism caused by acoustic radiation and viscous dissipation.
A number of previous research articles [9] [10] [11] [12] [13] [14] had shown that the damping induced by the surrounding fluid has significant impacts on the vibration characteristics of plates. The radiation of acoustic energy from the plate gives rise to a cross-modal coupling between the surrounding fluid and the motion of a plate. It results in two different types of loading on the motion of plates: reactance (inertial forces) and resistance. The reactance decreases the resonant frequencies of the plate, and this effect is indicated by the well-known added mass factor. The resistive loading results in damping and reflects the energy dissipation from the plate to the fluid, which eventually forms an acoustic radiation [11] . In addition, the surrounding rigid walls [15] may have significant effects on the vibration characteristics of submerged microcantilevers or microplates, in particular for those very close to the substrates. The relations between the damping ratios and the cantileversubstrate gaps have been studied by Basak et al. [16] using finite-element modelling and Decuzzi et al. [17] based on a semi-analytical model. The manufacturing method that was proposed by the present authors [18, 19] does not procedure a substrate underneath the microplates, which makes it appropriate to ignore the rigid-wall effect in the plate vibration analysis.
The hydrodynamic loading of a viscous fluid acting on a solid boundary is composed of inertial force and viscous force. The ratio of inertial force to viscous force is defined as a dimensionless quantity Reynolds number [20, 21] . For most vibration problems of macroscale structures, the Reynolds number is very large, which implies that the viscous force is small and can be ignored. For a microscale structure, its characteristic length is at most a few hundreds of micrometres and its resonant frequencies are typically in a range from MHz to GHz. Therefore, the Reynolds number of the fluid over a microscale structure decreases to Re ∼ O(1) [6] . A small Reynolds number means that the inertial force and the viscous force acting on a microscale structure are of the same order of magnitude, thus the viscous damping of the fluid will have a significant effect on the dynamics of microscale structures. However, the viscosity effect of fluid in a vibration model of fluid-plate interaction is rarely studied analytically, owing to the complexity of the Navier-Stokes equations. Some models had been developed to approximately estimate the frequency response of microcantilevers immersed in a viscous fluid environment. One of the earliest attempts of viscous damping analysis is using an assumption that the microcantilever is modelled as a moving sphere in fluid [22, 23] . Obviously, this approach made a strong approximation on structural geometry and cannot conduct a high fidelity simulation. A more accurate model was proposed by Sader [6] in 1998, in which analytical solutions for microcantilevers vibrating in a viscous incompressible fluid were obtained by taking advantage of a series of approximate hydrodynamic functions. Further experimental work confirmed Sader's model, which can accurately predict the resonant frequencies of a microcantilever in a viscous fluid [24, 25] . However, in Sader's model, only cases of very large aspect ratio of cantilever beams are considered, and the fluid is assumed to be incompressible. Later, other modellings for the dynamics of fluid-loaded microscale structures were developed to overcome the limitation of Sader's model. Decuzzi et al. [17] studied the dynamic response of a beam immersed in a viscous liquid in close proximity to a rigid substrate using the Euler-Bernoulli model coupled with Reynolds equations. Basak et al. [16] proposed a three-dimensional, finiteelement fluid-structure interaction model, which can generate accurate simulation results to predict the dynamics of submerged microcantilever. Because most assumptions made in the damping analysis of microcantilevers are no longer valid for plates, none of these models can predict well the behaviour of fluid-loaded microplates.
More recently, some researchers analysed the viscous effects of fluid-loaded plate-like structures [21, 26, 27] . Dohner [26] and Sorokin & Chubinskij [27] proposed a two-dimensional closed-form analytical model on the vibration of a plate in a viscous fluid, respectively. Dohner analysed the damping mechanism of an air-loaded SiN plate, and he found that it is viscous relaxation rather than sound radiation that dominates the damping of an air-loaded SiN plate. Sorokin proposed a standard algebra model and analysed the attenuation of the propagating waves induced by the fluid viscosity in a detail. Later, Atkinson et al. [21] also developed a theoretical model for a wide rectangular cantilever plate vibrating in a viscous incompressible fluid and derived an analytical expression for the fluid reaction force. In Dohner's analysis, simplified boundary conditions were applied, whereas the second viscosity was neglected by Sorokin, and sound radiation was not considered in Atkinson's work. Moreover, all of these models are two-dimensional, which means that one dimension of the plate (length) is always assumed to be infinite. Obviously, it is inappropriate to apply such assumptions to analyse a micro-fabricated plate or membrane.
Guz is one of the researchers who extensively investigated the dynamics of rigid or elastic solid bodies in a quiescent or moving compressible viscous fluid. He derived a series of governing equations to this problem [28, 29] . A set of general expressions for each component of fluid potential and stress tensor had been derived. He also proved that the formulae are appropriate for the analysis of small oscillations of solid bodies in fluid at low Reynolds numbers [30] . However, no explicit solution on the dynamics of fluid-loaded structures were presented in Guz's papers. In this work, a theoretic model for the dynamics of plates submerged in a quiescent compressible viscous fluid is proposed, in which the hydrodynamic loading formula of plates is derived using the linearized Navier-Stokes equations and no-slip boundary conditions. A double Fourier transform technique is applied to solve the Helmholtz-type equations of the scalar and the vector velocity potentials and obtain the analytical solutions to this problem. The damping ratios induced by acoustic radiation and viscous dissipation of fluid is evaluated through an identified matrix in this fluid-plate interaction model. Numerical simulation on the plates with different boundary conditions and fluid with different viscosity is carried out using this proposed model. The effects of acoustic and viscous damping on the resonant frequencies and the corresponding Q-factors of fluid-loaded microplates are investigated. The effect of fluid viscosity on the dynamics of microplates has also been experimentally studied by testing the microplates in various liquid mixtures with different viscosity from 1 to 1500 cP. It is proved that, both theoretically and experimentally, acoustic radiation contributes the dominant damping of fluid-loaded microplates. The viscous damping is negligible when the fluid viscosity is lower than 10 cP, whereas for the microcantilevers it had been shown that the damping is mainly induced by the viscous dissipation of fluid [6, 26] . It demonstrates that microplates are more resistive to the fluid viscosity and exhibit better sensitivity than the microcantilever sensing elements in the application of microelectromechanical systems-based mass sensing devices.
Theoretical model (a) Equations for quiescent compressible viscous fluid
When a solid structure is excited in fluid by prescribed external forces, the resultant inertial and friction forces of the fluid react against the motion of structure and form the dissipation of energy. Both the solid and the fluid are assumed to be homogeneous herein, and the fluid medium is at rest initially (v 0 = 0). Subsequently, the fluid is perturbed by the vibration of the microplates into small amplitudes of motion. Because small oscillation or motion of the coupling system is considered, the nonlinear convective inertial term (v · ∇v) is ignored. The Navier-Stokes equation is linearized to govern the motion of a viscous compressible fluid [27, 29] . The detailed linearization procedure may refer to [29, 31] . It therefore results in equation (2.1) governing the dynamics of a creeping flow.
where v and p are perturbations of the velocity vector and pressure, respectively. ρ f0 is the fluid density at rest. μ is the dynamic viscosity coefficient of the fluid, and μ v is the second viscosity coefficient of fluid, which is assumed to be −2/3μ. The motion of fluid also satisfies a linearized continuity equation [29] 
and a state equation
where ρ f is the density perturbation of fluid. The solution of the fluid velocity field can be expressed as a sum of an irrotational vector field, obtained by means of the gradient of a scalar potential, and a solenoidal vector field, obtained by a vector potential [26, 29, 32] .
with an additional condition
Substituting this solution back into equations (2.1)-(2.3), the following equations are obtained [28] :
and
If the harmonic motion is considered, as Φ(x, y, z, t) = φ(x, y, z) e −iωt and Ψ (x, y, z, t) = ψ(x, y, z) e −iωt , the equations (2.7) and (2.8) can be rewritten as the following forms
and where
where k l and k s are the virtual wavenumbers of the fluid potential fields.
(b) Vibration of rectangular plates
The fluid-plate coupling system is illustrated in figure 1 , in which a microplate acting as a sensing element is immersed in a compressible viscous fluid and is stimulated into a small transverse oscillation (along z-axis). The governing equation for the forced vibration of a rectangular isotropic plate ignoring the effects of rotatory inertia and transverse shear deformation is given by where c s = E/(2ρ p (1 + υ)) is the shear wave speed of the material. Taking a 5 µm thick 200 µm square silicon microplate as an example, the above condition is satisfied within the frequency band of 20 MHz, which is adequately large for the frequency analysis of microplates that is conducted in this paper. The deflection of plate in equation (2.13) is expanded as a series boundary conditions in both x-and y-directions, respectively. In this work, X m (x) and Y n (y) are chosen as the beam mode shape functions with the same boundary conditions [34] , for example X m (x) is given by (c) Boundary conditions at the fluid-plate interface
For a small oscillation of the fluid-plate coupling system, at the interface layer, the fluid has no velocity relative to the plate [35] . This condition is known as the no-slip condition, which is stated by the following equality constraints:
where u p is the displacement vector of the plate. The superscripts 'f' and 'p' are used to indicate the fluid and the plate, respectively. As shown in equation (2.17) , at the contact interface, the velocity of fluid is equal to the velocity of the plate, and the stresses along the fluid boundary (σ f ) are the same as that on plate surface (σ p ). Expanding the above boundary conditions in Cartesian coordinates (x, y, z), the vector potential ψ is defined as
The velocity field of the fluid in equation (2.4) is expanded as
The velocity field of a vibrating plate is expressed in terms of its flexural waves (bending waves) and given by [36] v
Supposing the fluid-plate contact interface is located at z = 0, the no-slip boundary condition of the velocity field is expressed as of hydrodynamic forces between the top surface and the bottom surface of the plate
where F hydro (x, y, 0−, t) and F hydro (x, y, 0+, t) represent the applied hydrodynamic forces on the bottom side and the top side of the plate, respectively. As the thickness of the plate is thin, the hydrodynamic forces of the two sides are equal to each other but are of opposite direction
According to the no-slip condition, the surface hydrodynamic force is given by the boundary fluid stresses
where σ z , τ zx , τ zy are the normal and shear stresses of fluid at the boundary. In general, the six components of fluid stresses are defined by Stokes's hypothesis [35] and are expressed in terms of fluid pressure and velocity field
Owing to the continuous condition of stresses at the contact interface, the hydrodynamic loading on the plate is determined by the motion of fluid. Substituting the expanded expressions of velocity field in equation (2.20) into the formula (2.25) of fluid stress tensor, the fluid stresses σ z , τ zx , τ zy are then expressed in terms of the scalar and the vector potentials.
The scalar and the vector potentials φ, ψ in the Helmholtz-type equations (2.9) and (2.10) can be solved using a double Fourier transform method. Applying the Fourier integral transform in the x, y domain, the solutions of potential fields φ, ψ are given in the following convolution 
The coefficients A, B x , B y , B z are then determined in closed-forms from the above linear equations as
32)
33)
Subsequently, an analytical expression of the hydrodynamic force that is applied on the plate immersed in a viscous and compressible fluid is obtained with the closed-form solutions of these coefficients (A, B x , B y , B z ) . Substituting the solutions of potential fields in equations (2.29) and (2.30) into equation (2.24) , and the formulae of hydrodynamic force is given by 36) where the inner function T(k x , k y ) contains two parts as
T 1 (k x , k y ) and T 2 (k x , k y ) are two coefficient functions corresponding to the normal stress (σ z ) and the shear stresses (τ zx , τ zy ) of the fluid, and given by 
where A = A/w, B x = B x /w, B y = B y /w. As such, equations (2.32)-(2.39) provide a series of analytical expressions that can straightforwardly determine the hydrodynamic force applying on the vibrating plate at the fluid-plate interface. This is the major novelty for the theoretical modelling of a fluid-plate coupling system that was developed in this work. If the viscosity of the fluid is not considered (μ = 0), then the virtual wavenumbers in equations (2.9) and (2.10) become k l = ω/c, k s → ∞ and the hydrodynamic force of equation (2.36) reduces to an ordinary form of acoustic pressure as (e) Fluid-plate interaction model
The external excitation force is assumed to be a concentrated force (F ex ) applied at a point (x 0 , y 0 ). where F qr is a generalized form of external force and given by
The whole external force F(x, y, t) in equation (2.13) then equals to
and Γ mnqr is a modal coefficient of plate stiffness and given by
where M is the mass of plate and ω mn is the (m, n) mode natural frequency of the plate in vacuo. Analytical solutions of the natural frequencies of rectangular plates with ordinary boundary conditions have been well studied [37] . For example, the natural frequencies of an all edges clamped plate can be evaluated using the following equation 
and (q, r). I mnqr is expressed in terms of the hydrodynamic force as
and χ * qr (k x , k y ) is a conjugated form of equation (2.47) with indices of q and r. After substituting the mode shape functions (2.16) into equations (2.46) and (2.47), the fluid-loaded impedance I mnqr is expanded into a six-dimensional integration, which is very tedious to evaluate numerically. Fortunately, the inner functions χ mn and χ * qr can be solved in closed forms for most boundary conditions (simply supported, clamped, cantilever, etc.). The closed-form solution of χ mn (k x , k y ) for an all clamped rectangular plate is derived and expressed as the follows. Solutions for the plates with other boundary conditions are similar.
where
The functions of I yc (n, k y ) and I ys (n, k y ) have the same forms as I xc (m, k x ) and I xs (m, k x ) by replacing k m to k n and L a to L b , respectively. As such, I mnqr reduces to a double integral form, which can be evaluated numerically by an ordinary integration method. Because the fluid impedance I mnqr is a complex function, we can write it in a form with separated real and imaginary parts as [33] I mnqr = r mnqr − iω × m mnqr ,
where r mnqr represents an energy loss of the plate owing to the acoustic radiation and the viscosity of the fluid, and the term m mnqr causes as an additionally inertial action to the plate motion [12] . In other words, the term r mnqr gives rise to damping of the vibration, whereas the term m mnqr contributes an added mass effect to the fluid-loaded plate. The added mass factor and damping mechanism of a fluid-loaded plate can be analysed through the investigation of fluid-loading impedance I mnqr . Equation (2.42) is obtained using a Galerkin procedure with an assumption that the mode shapes of the plate are orthogonal. In so doing, the closed-form expressions for the inner functions of fluid-loading impedance are derived, as shown in equations (2.49) and (2.50). A more general model is derived from the principle of virtual work [38] for the plates whose mode shapes are not completely orthogonal, for example the cantilever plates.
where U p is the potential energy of plate, where
Equation (2.54) can also be written in the following matrix form
where M, C and K are mass, damping and stiffness matrices of the vibration system respectively, and their elements are given by
Numerical simulation (a) Simulation process
The dynamics of the fluid-loaded plate at a prescribed frequency is determined from either equation (2.42) or equation (2.54). As the study is mainly on the first few vibrational modes in the current work, 9 × 9 terms of mode shape functions are used for the vibration analysis of microplates in each simulation. The vibrational deflection of the fluid-loaded plate is then computed using equation (2.15) , once the solution of W mn is obtained. The frequency response function (FRF) of the fluid-loaded plate over a specified frequency range is produced by performing the simulation at a series of linearly spaced excitation frequencies within this range. Nevertheless, the most difficult part in the numerical simulation is the evaluation of fluidloading impedance I mnqr . As the simulation is carried out on microscale plates (10 −6 ), direct numerical evaluation of the fluid impedance may encounter arithmetic overflow or errors. To avoid this issue, the virtual wavenumbers (k x , k y ) in the fluid impedance are normalized with respect to the acoustic wavenumber (k = ω/c) [14] , namely k x = kK x , k y = kK y . The fluid impedance is then evaluated byĨ
The fluid impedance involves a double integration over infinity and a square root singularity. The fluid-loading impedance is numerically evaluated using a quasi-Monte Carlo method, which is an effective means to perform the complicated numerical integration with singularities. 
(b) Damping mechanism
This section presents a study on the damping mechanism of fluid-loaded microplates. The damping effects caused by the acoustic radiation and the viscous dissipation are examined separately. If the fluid is assumed to be inviscid and incompressible (μ = 0 and c → ∞), there is no damping and only the inertial force of the fluid (added mass) takes effect to the motion of fluidloaded microplates. If the fluid is assumed to be inviscid and compressible (μ = 0), the damping of the fluid-loaded plate is mainly contributed by the acoustic radiation. In this work, three different cases of fluid-loading are studied: (i) no damping effect is taken into account, μ = 0 and c → ∞;
(ii) the fluid is assumed to be inviscid, but the acoustic radiation is considered (compressible fluid), μ = 0 and c = 1482 m s −1 ; (iii) both the acoustic damping and the viscous damping are considered, μ = 1.003 cP and c = 1482 m s −1 . The numerical simulation is carried out on three different boundary conditions of microplates: all clamped (CCCC), two opposite edges clamped and the rest are free (CFCF), cantilever (CFFF). The FRFs of each type of microplate under these three different fluid-loading cases (i-iii) are illustrated in figures 3, 4 and 5, respectively. The natural frequencies and damping ratios of each microplate can be determined from the FRF curves by a modal analysis procedure [19] . It was proved by previous work [19] that the predicted resonant frequencies for the three fluid-loaded microplates are well matched with the results of a Rayleigh-Ritz model [5] and experimental testing [19] . In table 1, the damping ratios of the three different types (boundary conditions) microplates that are predicted using the Table 1 . Theoretical and experimental results on damping ratios of the three types 300 × 300 × 5 µm of microplates (reproduced with permission from [18] ). the other two types of microplates. The quality factor (Q-factor) of a microplate at each vibrational mode is evaluated from the damping ratio as
where ζ denotes the damping ratio. Therefore, the cantilever microplate possesses the highest Q-factor (26.3) as well as the sensitivity among these three types of microplate (Q-factors: 4.24 for CCCC and 5.26 for CFCF).
As shown in the figures 3, 4 and 5, the FRF trends around the region of first vibrational modes for case (ii) and case (iii) of each type microplate are very close to each other. It therefore results in nearly the same natural frequencies and damping ratios for case (ii) and case (iii) of each microplate. From the simulation results at the fundamental vibrational mode, we found that the acoustic radiation (rather than the viscous relaxation) mainly contributes the damping of fluid-loaded microplates. In other words, if only the first vibrational mode is considered and the fluid viscosity is low (like water), then the viscous damping effect can be ignored for the fluid-loaded microplates. It was also observed that the effect of fluid viscosity does affect the higher vibrational modes (second and third in figures 4 and 5) on the microplates, in particular for CFFF-type microplates. This conclusion is very different from the work that studied the fluid-loaded microcantilevers [6, 16] , in which the viscous dissipation is found to be the dominant damping mechanism. This can be explained using a modified Reynolds number given by [6] 1 which is expressed as
where ρ f is the fluid density, μ is the fluid viscosity, ω wet,0 is the damped resonant frequency of a microstructure and b is the characteristic width. A 100 × 100 × 5 µm microcantilever plate and a 100 × 5 × 5 µm microcantilever beam with the same material properties are taken as examples. The Reynolds number of this cantilever microplate is 5118, whereas the Reynolds number of the microcantilever beam is only 12.29, which is over 400 times less than the value of the microplate. It was found that fluid-loaded microplates with other boundary conditions (CCCC or CFCF) have very high Reynolds numbers, owing to their high natural frequencies. For those cases with large Reynolds number, it is applicable to assume the fluid to be inviscid. Therefore, it is accurate enough to consider the acoustic radiation solely for the damping analysis of fluid-loaded microplates when the viscosity is low. Without considering the viscosity, the fluid impedance I mnqr in equation (2.46) reduces into the following form of acoustic impedance I a mnqr :
Pierce et al. [39] proposed a method that transforms the integration of equation (3.4) from Cartesian coordinates to polar coordinates, by which the closed-form solution of the acoustic impedance I a mnqr can be obtained [5] . of the other two types of microplates (CFCF and CFFF). When the viscosity of the fluid is higher than 200 cP, the second vibrational modes of the CFCF and CFFF microplates are completely attenuated owing to the high viscous energy dissipation. Thus, the CCCC microplates are much more resistive to viscous damping than the CFCF and CFFF microplates. In other words, it is more suitable to apply a CCCC type of microplate in a high viscous fluid medium as the sensing element. A CFCF-or CFFF-type microplate, which has a high Q-factor (sensitivity), may lose its sensing function when it is being used in a medium with high viscosity (i.e. over 200 cP). It is also observed that the resonant frequencies of microplates are decreased when the viscosity values of the fluid are increased. Thus, the fluid viscosity contributes an additional added mass effect to the vibration of microplates. Further quantitative study [40] shows that the resonant frequency shift is approximately linear with respect to the increase rate of the viscosity value. For a CCCC 100 × 100 × 5 µm microplate, figure 9 illustrates an approximate 
Conclusion
In this paper, the dynamics of microscale plates immersed in a viscous and compressible fluid is studied. To investigate the damping mechanism of the fluid-loading effect on the microplates, a theoretical modelling considering both acoustic damping and viscous damping is developed. In this model, the analytical solution for the fluid-loading impedance is obtained using a Fourier transform technique. To study the damping mechanism of fluid-loaded microplates, a number of cases for microplates under different fluid-loading conditions are simulated using the proposed theoretical modelling. The numerical simulation results reveal that the acoustic radiation contributes the dominant damping of fluid-loaded microplates, and the viscous fluid-loading effect can be ignored when the viscosity of the fluid is lower than 10 cP. Compared with the microcantilevers, the microplates show higher Q-factors (sensitivity) and are more resistive to the viscous effect of fluid-loading. It is also concluded that the cantilever type of microplates possesses the highest sensitivity among the three types of boundary conditions (CCCC, CFCF and CFFF). However, the dynamics of the microplate with all edges clamped (CCCC) is much less influenced by viscous dissipation of the fluid.
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